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Abstract. We compute the flux of Killing fields through ends of con- 
stant mean curvature 1 in hyperbolic space, and we prove a result con- 
jectured by Rossman, Umehara and Yamada : the flux matrix they 
have defined is equivalent to the flux of Killing fields. We next give 
a geometric description of embedded ends of finite total curvature. In 
particular, we show that we can define an axis for these ends that are 
asymptotic to a catenoid cousin. We also compute the flux of Killing 
fields through these ends, and we deduce some geometric properties and 
some analogies with minimal surfaces in Euclidean space. 



1. Introduction 

Bryant surfaces are surfaces with constant mean curvature one in hyper- 
bolic 3-space H'^ (with the convention that the mean curvature of a surface 
is one half of the trace of its second fundamental form) . These surfaces have 
been studied first by Bryant ( |Bry87| ). He derived a representation in terms 
of holomorphic data, analogous to the Weierstrass data for minimal surfaces 
in K^. 

Umehara and Yamada have defined the notion of regular ends of Bryant 
surfaces ( jYQ2j): these are ends conformally parametrized by the punctured 
complex disk and such that the hyperbolic Gauss map extends meromorphi- 
cally to the puncture (if the hyperbolic Gauss map has an essential singularity 
at the puncture, the end is said to be irregular). They also have studied the 
Weierstrass data of Bryant surface ends of finite total curvature. 

Collin, Hauswirth and Rosenberg f |CHR,Ol] ) have shown that properly em- 
bedded annular ends have finite total curvature and are regular. Yu f |Yufllp 
has shown that irregular ends are never embedded. Sa Earp and Toubiana 
f [SETOlj ') studied the geometry of embedded ends of finite total curvature 
(hence regular). They showed that, in the upper half-space model of H^, such 
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ends are, up to an isomctry of H'^, vertical Euclidean graphs and are asymp- 
totic to a catenoid cousin of revolution or a liorosphere as vertical Euclidean 
graphs. They also defined the growth of such ends. If is a half-catenoid 
cousin whose asymptotic boundary is oo, then the image of -E by a Euclidean 
horizontal translation (which is a parabolic isometry of H'^) is asymptotic to 
E in the sense of Sa Earp and Toubiana (see figure^. 




Figure 1 . Two half-catenoid cousins asymptotic in the sense 
of Sa Earp and Toubiana but with different axes. 

There exist two notions of flux for Bryant surfaces. The first flux is the flux 
of Killing fields. This flux was introduced by Korevaar, Kusner, Meeks and 
Solomon (EEMSSH) as an analogue of the flux defined by Korevaar, Kusner 
and Solomon for constant mean curvature surfaces in M.^ f ,KK^89| ). It is the 
sum of an integral along a curve T and of an integral over a compact surface 
whose boundary is T. This fiux is a homology invariant. The second fiux 
is the residue-type fiux matrix defined by Rossman, Umehara and Yamada 
f |RUY99] ). This fiux can be easily computed from the Bryant representation 
of the surface. It is also a homology invariant. Rossman, Umehara and 
Yamada conjectured that these two notions of fiux were equivalent. 

In this paper, we prove this conjecture. We compute the flux of Killing 
fields associated to translations and rotations through Bryant surface ends. 
We show that it only depends on the residues of three meromorphic one-forms 
(theorems Hand 121). These residues are, up to constant factors, the coefficients 
of the flux matrix defined by Rossman, Umehara and Yamada. Moreover, we 
define a complex polynomial of degree at most two, called fiux polynomial, 
whose coefficients are these residues (theorem . This polynomial contains 
all the information given by the fiux and satisfying a "balancing formula" . 

The second aim of this paper is to complete the geometric study of embed- 
ded ends of finite total curvature started in |SET01| . We show that we can 
define an axis for such ends that are asymptotic to a catenoid cousin (theorem 
2J). This means that these ends are asymptotically surfaces of revolution. We 
call these ends catenoidal ends. The analogous result for embedded ends of 
finite total curvature of minimal surfaces in R"^ has been proved by Schoen 

(IS^Hai). 
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We next compute the flux for embedded ends of finite total curvature. We 
obtain that the flux of the Killing field associated to the translation along the 
geodesic (C,!)) through a catenoidal end is 

<^ = 7r(l - ^2)(2 Re(^, C, V, B) - 1) 

where [A^B) is the axis of the end, 1 — /it its growth, and where {A,C,T>,B) 
denotes the cross-ratio (theorem 0). This formula is one of the simplest we 
could expect, since it depends only on the asymptotic behaviour of the end. 
We also show that the flux for a horospherical end is zero if and only if its 
Hopf differential is regular at the end (theorem Ejl . 

Thus, the flux for Bryant surfaces plays the same role as the flux and 
the torque for minimal surfaces in K'^ (the torque is deflned in |KK93| ; see 
also HK97j| for definitions and basic properties of the fiux and the torque). 
Indeed, the fiux and the torque for a catenoidal end depend only on the growth 
and the axis of the end, and the torque for a planar end (the analogue of a 
horospherical end) is zero if and only if the Hopf differential is regular at the 
end, i.e. the degree of the Gauss map at the end is at least 3 (see |Rom97| ). 

Finally, we give some geometric applications of the fiux. If a Bryant sur- 
face has exactly two catenoidal ends (and no others) with distinct asymptotic 
boundaries, then the ends have the same growth and the same axis (proposi- 
tion 0J. If a Bryant surface has exactly three catenoidal ends (and no others) 
with distinct asymptotic boundaries, then the axes are coplanar and concur- 
rent (possibly in the asymptotic boundary of H'^) (proposition (SJ . The same 
results hold for minimal surfaces in M.^^. 

2. Preliminaries and notations 

In this paper, the model used for hyperbolic 3-space is the upper half-space 
model : 

H-'' = {{u,v,w) e R^\w > 0} = {{C,w) 6 C X Rju; > 0} 
with the metric 

2 _ dw^ + dw^ + dw"^ _ |dCP -f- dw"^ 

<,> and ||.|| denote respectively the hyperbolic metric and the hyperbolic 
norm on H"^. If Xi — (ai, /3i) and X2 = (02, /?2) are two vectors in the tangent 
space of at the point (C,w), then < Xi,X2 >— (Re(aia2) + (3i(32)/w^ . 

In the model of the unit ball of R'^ for hyperbolic space, the asymptotic 
boundary of hyperbolic space is the sphere of radius 1. In the half-space 
model, we identify the asymptotic boundary of H"^ with the Riemann sphere 
C composed of the plane {C — 0} and of the point at infinity which we denote 
00. 

The asymptotic boundary of a part of is the set of its accumulation 
points in C. 
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AC + BD 



The identification between the upper half-space model and the Minkowski 
model for H'^ is the same as that described in jSETOlj (remark 1.11). Conse- 
quently, if / is a constant mean curvature one immersion of a Riemann surface 

M into the Minkowski model of the hyperbolic space, if F = ^ ^ ^ ^® 

its Bryant representation (see |Bry87| ), then we have / = FF* , and the cor- 
responding immersion X = (^, w) : M — > in the upper half-space model is 
given by 

(1) c 

and 

We recall that A, B, C and D are holomorphic functions defined on the 
universal cover of M and satisfying AD — BC = 1 and dAdD — dBdC = 0. 

If {g,io) denote the Weierstrass data of the end (see |Bry87| or |UY98| ). 
the 2-form uidg is called the Hopf differential of the end. It is single-valued 
on M (contrarily to g and uj). It is invariant by an isometry of H^. 

The hyperbolic Gauss map is given by G = ^ = It is single- valued 
on M. This expression slightly differs from that of JBry87| , |UY93j and other 
papers because of the chosen identification (see |SET01| . remark 1.11). The 
one-form uj'^ = —j^^ is also single- valued on M (the couple (1/0,0;*) 
gives the Weierstrass data of the dual immersion, see jUY97| ). Hence the 
following one-forms are single-valued on M : 



CdB 



DdC - CdD 

For regular ends of finite total curvature, the Hopf differential ujdg has a 
pole of order greater than or equal to —2 at zero (see |UY93| ). Its order does 
not depend on the parametrization. 

In the Minkowski model, a direct isometry is a map N i— > PNP* where 

P = ^ " ^ ^ e SL2(C). In the half- space model, this isometry induces on 

C the map C i— > ^^^^ because of the chosen identification. 

If A and B are two distinct points in C, {A, B) denotes the oriented geodesic 
of going from A to B. 





ujdg 


G2 


dG ' 






~G ^ 


^^dG' 


-UJ* = 






^ dG- 
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If zi, Z2, z-i and Z4 are four points in C such that z\ ^ Z4 and zi ^ z-i^ we 
define their cross-ratio by 

Z3 - Zi Z4 - Z2 

(Zi, Z2, Z3, Z4) = ■ . 

Z3 ~ Z2 24 - 21 

We recall that there exists a direct isometry (respectively an indirect isometry) 
of which maps zi, Z2, Z3 and 24 to zj^, Z2, Z3 and z\ respectively (where 
z'y 7^ Z4 and Z2 7^ Z3) if and only if (zi, Z2, Z3, Z4) = (zj^, Z2, Zg, Z4) (respectively 
(zi, Z2, Z3, Z4) = (zi, Z2, Z3, z4)). 

In this paper, f2 will denote any neighbourhood of in C, and fi* will 
denote the set ^2 \ {0}. 

The flux of a Killing field Y through an annular Bryant surface end E is 
defined by 

ip= <'n,Y > -2 <iy,Y > 
Jr Jk 

where F is a generator of tti{E), K a topological disk whose boundary is F, 77 
the conormal to F in the direction of the asymptotic boundary of the end and 
f the normal to K chosen as follows : we choose on F the orientation such 
that (F, r], —H) is the orientation of and v such that it induces the same 
orientation on F. The normal v induces an orientation on K and F. These 
choices have been made in order to be compatible with Stokes's forumula. 

This number does not depend on the choices of F and K (see (KKS89| 
and IKEMS92]). We shall notice that in |Kk:^89| and |Kk:M^j92| the mean 
curvature is defined as the trace of the second fundamental form (and not its 
half), which explains the coefficient 2 in the formula. 

If a is a 71-form on H'^ and X a vector field, then the interior product of a 
by X is denoted ixot and defined by ixa(Cij • ■ ■ i^n-i) — ct{X,£_i, . . . ,^„_i). 
The Lie derivative of a with respect to X is denoted Ljc a. We recall Cartan's 
forumula : 1j xot — d(ixOi) + ixda. 



3. Flux of Killing fields 
3.1. Killing fields associated to translations. 

Definition 1. Let A and B he two distinct points in C. Let $t he the trans- 
lation of distance t £ R along the geodesic {A,B). Then the vector field Y 
defined hy 

is called the Killing field associated to the translation along {A,B). 

The Killing field associated to the translation along {B, A) is the opposite 
of the Killing field associated to the translation along {A, B) . Elementary 
computations give the following lemma. 
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Lemma 1. The Killing field associated to the translation along (0,00) is 

Y{(:,w) = {c,w). 

Lemma 2. Let Co G C. The Killing field associated to the translation along 
(Co,0) is 



-— + ^ C 

r„ ^ ^ 



2w Re ^ — w 



Proof. The map 



$ : {u',v',w') ^ ,2 , ^2 , — 

U + V + w 

is an isometry of H'^ which maps the geodesic (Cq,oo) (where Cq — Co/|CoP) 
to the geodesic (CojO). Hence the Kilhng field associated to the translation 
along (Co,0) is given by Y{P) = $*Z(P) = d$-i(p)# ■ y($-i(P)) for each 
P = (u, V, w) = (C, w) e H^, where Z is the Killing field associated to the 
translation along (Cq,(X)). 

We have <I>~^(P) = {u',v',w') where u = ru', v = rv\ w = rw' and 
r = + v'^ + w^. Hence we have Z($~^(P)) = (u' — u'q,v' — v'q,'w') with 
Co = + iwo, so 

Y{P) 



+ v'^ + u;'^)2 

-2u'u' m'^ + w'^ - i;'^ -2v'w' 



u — u^ 
v' -v[ 
w' 

/ + w'^ - u'^) + 2v'ou'v' - u'v'^ - u'w'^ - u'^ 

r 2moU -(; — i;o(u +w — u ) — u v —v w —v 
\ 2u'qu'w' + 2v'qv'w' — u'^w' — v'^w' — w'^ 

2u'qUV + Vq{v'^ - - w'^) - V \=\ ^° 

2u'qUW + 2v'oVW-w / V 2«;Re^-«; y 



□ 



3.2. Killing fields associated to rotations. 

Definition 2. Let A and B he two distinct points in C. Let Rg be the rotation 
of angle 9 (in the direct sense) about the geodesic {A, B). Then the vector field 
Y defined by 
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is called the Killing field associated to the rotation about {A,B). 

The Killing field associated to the rotation about {B, A) is the opposite of 
the Killing field associated to the rotation about {A, B). Elementary compu- 
tations give the following lemma. 

Lemma 3. The Killing field associated to the rotation about (0, oo) is 

y(C,w) = (*C,o). 

Lemma 4. Let (^q G C. The Killing field associated to the rotation about 
(Co,0) IS 

Proof. We proceed as for lemma |21 and we use the same notations. Since the 
map $ is an indirect isometry of H'^, we have Y = — where Z is the 
Killing field associated to the rotation about {(q, oo). □ 

3.3. Flux of Killing fields associated to translations. In this section, Co 
and Ci are two complex numbers such that 7^ 0, and E denotes a Bryant 

surface end whose Bryant representation isF=(^ ^jifi*— > SL2(C). 



^ C D ^ 

We denote hy X — {(, w) : il* ^ M.^ the corresponding conformal immersion 
in the upper half-space model. 

We will denote by (p, t) the polar coordinates in fl {i.e. z — pe'"^). We 
have the following relationships for derivation operators : 

d I f d .8 



dz 2z \^dp 'dr 
d 1/5 .d 



dz 2z \^ dp dr 

Lemma 5. Let Y be the Killing field associated to the translation along the 
geodesic (Co + CijCi)- Then if p is a sufficiently small positive number, the 
flux of Y through E is 



Lp= Re(s(p,T))dr 
Jo 



whe 



dp dr J \ Co 

_p 5c_ 2*ac^^^_ paw; /,C-Ci ^ 

Co dp Co dr w dp \ Co 
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Proof. Let p > such that the chclc {z e C||z| = p} is included in H.. Let F 
be the curve on E defined by r X{peJ-'^). Let K be a disk whose boundary 

is r. 

We remark that we must take on T the orientation given by —V. Indeed, 
because of the conventions for the sign of the mean curvature, positive mean 
curvature means that the orientation induced by the immersion X is the same 
as the orientation induced by the mean curvature vector H ; consequently, 
the basis {rj,T\H) is indirect. We note v and 77 the normal to K and the 
conormal to F, chosen as explained in section [21 

The conormal 77 to F is a unit vector lying in the tangent plane and normal 
to T'{t) — ■^X{pe^'^). Since the parametrization X is conformal, the conor- 

of S C, we have 



mal rj is necessarily colinear to ■§-X{pe^'^). Since 77 must point in the direction 



\\§-x{pe^)\\ 



Then we have 



< r/, F > 



2t: 



2-K 



27T 



< 77, F > 

< 77,y > 

/ d 



dp 



dr 



pdr 



\dp 



X, Y ) dr 



According to lemma we have 

Y{C,w)= I 
Consequently we have 



Co 



Co 



(C - Ci) 



277; Re 



C~Ci 
Co 



w 



<T],Y >= - 



2tt 



Slip, T)d7 



with 



Slip, t) 



w"^ dp 



Co 



Co 



-(C-Ci) + 



p dw 
w dp 



. C-Ci 

' Co 



- 1 



Let a be the canonical volume form of H'^. We have a ~ -\du A d?; A dw. 
Since F is a Killing field, we have Lya = 0, so = d(iya) + iyda = d(iYa). 
Hence there exists a 1-form /3 such that iya — d/3. 

f3 is the dual form of a vector field Z, i.e. we have /3(^) =< Z, ^ >. 
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We compute that we can take 

Let (ei, 62) be an orthonormal basis of the tangent space of K such that the 

basis (ei,e2,i^) is direct. Then we have iya^ei, 62) = a{ei, e2,Y) ~< v,Y >. 
Consequently, on K the form iya is equal to < v,Y > times the canonical 
volume form of K. Hence we have 



/ <u,Y >= I lya. 
Jk Jk 



Ik Jk 
On the other hand, Stokes's formula implies that 



r 

since we must take on F the orientation given by — F', as explained before. 
Consequently we have 

j^<u,Y>=- j^p = - (^^X,Z^dT = - "Re(s2(p,r))dT 



with 



So 



f<i],Y>-2f <v,Y>=[ Re(-si(p,T) + 2s2(p,r))dr. 

JT JK Jo 



Since the real part does not change if we replace the first terms of si and 
S2 by their conjugates, we obtain the expected result. □ 



Lemma 6. 14^6 have the following identities : 

w'^ dz 



(3) ■\^=AB'-A'B, 



pdw _ A'A + B'B _ AA' + BB' 
^' wdp~ ^|^|2 + |B|2 ^|A|2 + |B| 



2 ■ 



d ^ A'A + B'B _AA' + BB' 

Proof. Recall that 



c 



AC + BD 



|^|2 + |B|2 

where A, B, C and D are multivaluated holomorphic functions. 
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We compute that 

dC _ {A'C + B'D){\A\^ + \B\^) - {AC + BD){AA' + BB') 

5i ~ (|A|2 + |S|2)2 



|A|2 + |B|- 



because ^L* - BC = 1. 
And since 



|A|2 + |S|2' 

we obtain relation 

Relations Q and (O are consequences of elementary computations using 
the fact that we have ^A = A! , ^1 = e'^^i', ^A = ipe^^A', ^A = 

—ipe~^'^ A' , and the analogous identities for B, C and D (because these are 
niultivaluated holomorphic functions). □ 

Lemma 7. We have 

1 Ci 

s{p,t) = ai{z) + Cia2{z) + — 03(2^) + 2— ai(z) + -^02(2) 

4o <,o t,o 

where 

d 

ai{z) = 2z(B'C - A'D) + i— Inw, 

OT 

02(2) = 22(A'S- AS'), 

9 dC 
03(2) = 2z(C"i:' - CD') - 2i — {C\nw) + i-^. 

OT OT 

Proof. We have the above expression for s(p, r) with 



, , c / ac^ .ac\ ^pdw 

\ op OT J w Op 



03(2) = ^ pj- + Ptt - 2iT^ In w - 2-— C- 

\ op OT J op OT w Op 

The announced expression of 02(2) is a consequence of formula (PJ. 
Because of formulae and Q we have 

A'A + B'B AA! + SB' 



ai(z) = 2z{AB' - A'B)C - z-^ 
imputation shows that 
ai{z) = 2z{B'C -A'D) 



|A|2+|B|2 |^|2+|B|2 

Then a computation shows that 

yl'i + B'B _AA' + BB' 



\A\^ + \B\^ |^|2 + |B|2- 
Thus we obtain the above expression for ai{z) using formula ||SJ). 
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Finally we have 

a^iz) = -ai(z)C + P^-2i— (Clnw;) + 2<— lnw-£^C 

= -2ziB'C - A'D)C + P^- 2i-^iClnw) + Inw - 

op OT OT w op 

= 2z{BC' - AD'X + + 2i^(C \nw) ~ 2z^^ 

OZ OT OT W OZ 

dC d 

= 2z{BC' - AD'V + 2zw(AC' + ED') + - 2i — (C\nw) 

OT OT 

dC d 

= 2z(C'D -CD') + i^ ~2i — (C\nw). 

OT OT 

□ 

As an immediate consequence of lemmas |S1 and [7\ we obtain the following 
result. 

Lemma 8. Let Y be the Killing field associated to the translation along the 
geodesic (Co + Cij Ci)- Then the flux of Y through E is 

= Re [ipi + (^2Ci + Vq-j- + 2ipi^ + ip2^ 
\ (o (o (,0 

where ^pQ = 47rRes(-DdC - CdD), ipi = 47rRes(Cd5 - DdA) and Lp2 = 
47rRes(BdA - AdE). 

Now we deal with the case where one of the extremities of the geodesic is 
the point oo. 

Lemma 9. Let Y be the Killing field associated to the translation along the 
geodesic (Ci , oo) . Then the flux of Y through E is 

(p = Re(-(^i - (P2C1) 

where tpo = 47rRcs(DdC - CdD), ipi = 47rRes(Cdi3 - DdA) and ip2 = 
4TTRea{EdA- AdE). H 

Proof. We proceed as in lemmas H and El replacing the expressions of Y 
and Z in lemma by 

YiCw)-^ 

and 

Z{C,w) = 



w 



i(C-Ci) 





□ 
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Theorem 1. Let C and P be two distinct points in C. Let Y be the Killing 
field associated to the translation along the geodesic (C,P). Then the flux of 
Y through E is 

^ fip2CV + ipi{C + V) + ^(f 
C^P 

where ipo = 47rRes(DdC - CdD), ipi = 47rRes(Cdi3 - DdA) and (p2 = 
47rRes(SdA - AdB). 

Proof. If both C and 2? are different from oo, then we set = T> and (q = 
C — T), and the result comes from lemma |S1 

If P = oo and C ^ oo, then we set C.i = C, and the result comes from 
lemma El 

If C = oo and 2? ^ oo, then the result follows from the above case and the 
fact that both the flux and the announced expression are antisymmetric with 
respect to (CjV). □ 

3.4. Flux of Killing fields associated to rotations. 

Lemma 10. Let E be a Bryant surface end given by a conformal immersion 
X = (C, w) : VL* ^ in the upper half-space model. Let Co md be two 
complex numbers, with C,q ^ Q, and let Y be the Killing field associated to 
the rotation about the geodesic (Co + CiiCi)- Then if p is a sufficiently small 
positive number, the flux of Y through E is 



(p — Re(is(p, T))dr 
Jo 

where s{p,t) has been defined in lemma\^ 
Proof. We proceed as in lemma |S| with 



(see lemma 0J and 



□ 



Using this lemma, we proceed as in section 13.31 to compute the flux of 
Killing fields associated to rotations. 

Theorem 2. Let C and T> be two distinct points in C. Let Y be the Killing 
field associated to the rotation about the geodesic {C,T>). Then the flux of Y 
through E is 

f ip2CV + ipi{C + V) + po^ 



if = — Im 



V c-v 
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where ipo = 47rRcs(DdC - CdD), ipi = 47rRes(Cd5 - DdA) and (p2 = 
47rRes(BdA - AdB). 

3.5. Flux polynomial and equivalence with the residue-type flux ma- 
trix. 

Theorem 3. Let E be a Bryant surface end whose Bryant representation 
is F ~ ^ ^^ifi*— > SL2(C). Then there exists a unique polynomial 

Pe{X,Y) 6 C[X, y] such that, for all couples (C^T)) of distinct points in C, 
the flux of the Killing field associated to the translation along the geodesic 
{C,V) through E is 

and the flux of the Killing field associated to the rotation about the geodesic 
(C,2?) through E is 

-Inif^)' 

V c-v 

This polynomial Pe is symmetric and we have 

PE{X,Y)^ip2XY + ^iiX + Y) + ipo 

where ipo = 47rRes(i:'dC - CdD), ipi = 47rRes(Cd5 - DdA) and ip2 = 
AnResiBdA- AdB). 
The polymomial 

nE{X) = Pe{X, X) = ^2^2 + 2^iX + (^0 

is called the flux polynomial of E. 

Proof. This is a reformulation of theorems ^ and |21 □ 
Remark 1. We have 

TIe{X) = -47rRes {u* (^^ - ^ 

Remark 2. Knowing the flux polynomial is equivalent to knowing the flux of 
Killing fields associated to all translations and rotations. 

In |RUY99| . Ross man, Umehara and Yamada defined a residue-type flux 
for Bryant surface ends. If an end E is conformally parametrized by O* and 

has a Bryant representation ^ ^ q ) ' ^^^'^^ matrix of E is 

defined by 

$ = /■ idF)F-' 
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where F is a loop around with positive orientation. This matrix does not 
depend on the choice of F. It is the residue at zero of the form 



-{dF)F- 



CdB - DdA BdA - AdB 
CdD - DdC BdC - AdD 



which is single- valued. Hence it does not depend on the parametrization. 
Consequently, since BdC — AdD — —{CdB — DdA), we have 



4n \ -ifo -tpi 

Thus the coefficients of the flux matrix <i> are, up to constants, the same as 
the coefficients of the flux polynomial. 

This proves the conjecture of Rossman, Umehara and Yamada ( RUY99j, 
remark following example 8) : knowing the flux matrix $ of the end E is 
equivalent to knowing the flux through E of all Killing fields associated to 
translations and rotations. 

We considered these two notions of flux for loops F generating the funda- 
mental group of an end. We can actually define these fluxes for any loop F 
on a Bryant surface. We consider a neighbourhood of F in the surface that 
is conformally parametrized by {z G C|l — e < \z\ < 1 + e} and such that 
F is homologous to the curve corresponding to the circle {\z\ = 1}. Then 
the flux of a Killing field Y through F is equal to its flux through the curve 
corresponding to the circle {|z| = 1} (since the flux is a homology invariant). 
Thus we obtain, theorems [3 and El with ipo = — 2i J^^^^^^{DdC — CdD), 
ipi = -2i /^|^|^^j(CdB - DdA) and ip2 = -2i J^^^^^^y{BdA - AdB). These 
coefficients are, up to constants, the coefficients of the fiux matrix $ = 
^277 /r(^-^)-^^^ ^ ^STtt /{|z|=i}('^^)'^~^- Hence the two notions of flux are 
equivalent for any loop F on the surface, and consequently for any homology 
class on the surface. 

Remark 3. It is easy to compute the flux matrix $ of an end E that is the 
image by a direct isometry o/H'^ of an end Eq whose flux matrix $o is known. 
Indeed, if F and Fq are the Bryant representations of E and Eq, then there 
exists a matrix P £ SL2(C) such that Fo ^ PF. Then $ = P^^^qP. 



4. Embedded Bryant surface ends of finite total curvature 
Let us first recall and complete the results of Sa Earp and Toubiana 

([SetoII). 

Let E be an enbedded Bryant surface end of finite total curvature which is 
not part of a horosphere. We recall that E is necessarily regular (see I Yu01| '). 
Then, according to |Bry87| , the associated Weiertrass data have the following 
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form : 

g{z) = z^f(z) 
Lu = z'^h{z)Az 

in ri*, where / and h are holomorphic functions in a neighbourhood of zero 
such that /(O) 7^ and /i(0) ^ 0, and fi and v are real numbers such that 
jji > V ^ —1, /i + J/ G Z and /i + —1. 

Since /(O) 7^ 0, we can define a function z ^ f{z)~' in a neighbourhood 
of zero. Consequently, we can replace z by zf{z)~f^ and assume that the 
Weierstrass data have the following form : 



(6) 



g{z) = 
bj = z'^h{z)dz. 



We distinguish two cases : the case where 11 + ly = — 1 will be dealt with in 
section Em and the case where fj, + ly ^ will be dealt with in section 

4.1. Catenoidal ends. 

4.1.1. General representation. In this section we assume that 11 + ly = — 1. 
In this case the Hopf differential uidg is of degree —2. Then, according to 
ISetoT], we have 7^ 1 and, after replacing f(z) by 1, 

1 - 

(7) MO) = 

4/x 

and 

-^h'{0) = 2^ih'{0). 

This second equation implies that 

(8) h'{0) = 0. 

The Bryant representation of E is given by 

(q\ F={ ^ B \ ^ f aiz^^ fi + a2Z^-' f2 ^iz^^r + &2z"=ff2 
^' \C D ) \ ciz^^h+C2Z^-'f2 diz'^'r + d2z''^g2 

where /i, /2, r and 92 are holomorphic functions near satifying /i(0) = 
/2(0) = r(0) = 52(0) = 1, Ai = A2 = i^, ri - and r2 = 

and where ai, 02, &i, &2: ci, C2, di and ^2 are complex numbers satisfying 
Oidi — 5iCi = 0, aiC2 — a2Ci 7^ and 61^2 — 62'^i 7^ 0. 

The functions /i and /2 are such that (z i— > z^^fi{z),z i-> z^^f2{z)) is a 
basis of the vector space of the solutions of the equation 

X" - i^lZKx' ~ ^ihz-^X = 0. 
z-^-i'h 



16 



BENOIT DANIEL 



The functions r and 32 are such that (z 1— > z''ir(z), z 1-^ z^''^g2{z)) is a basis of 
the vector space of the solutions of the equation 

X" - - tihz-^X = 0. 

Remark 4. Since A2 = Ai + 1, </ie Junction /2 is uniquely defined, and the 
function fi is uniquely defined if we fix the value of its derivative at zero. In 
the same way, since r2 = ri + 1, the function 52 is uniquely defined, and the 
function r is uniquely defined if we fix the value of its derivative at zero. 

From the identity u = AdC - CdA (see |UY93j or |Ros02p we obtain that 



(10) h = (aiC2 - a2Ci)(/i/2 - zf[f2 + zf,f^). 
Taking the order 1 terms, we get 

(11) /2(0) = 0. 

In the same way, from the identity g'^uj = BdD — DdB (see |U Y93| or 
|Ros02| ') we obtain that 

(12) h = (61^2 - b2di){rg2 - zr' g2 + zrg'^). 
Taking the order 1 terms, we get 

(13) 52(0) = 0. 

4.1.2. Canonical representation. Sa Earp and Toubiana ( ISETOlp have shown 

that we can reduce ourselves to a more simple Bryant representation up to 

an isometry of H^. More precisely, we can choose complex numbers a, 7 

and 5 satisfying aS — (3^ = 1, aai + /3ci = abi + I3di = 702 + 6c2 = 0, and 

ifl iTf 1 17 (AB\, (a(3\(AB 

aa2 + pc2 — \. It we replace I — \ r\ ] oy ' ' ' 



C D J \ J S J \ C D 
obtain an end which is the image of by a direct isometry ^ of H"^ , which 
has the same Weierstrass data as E, and whose Bryant representation is given 

by 

A{z) B{z) \ _( ^^'f2{z) ^z^'92{z) \ 
C{z) D{z) ) \ ^z'^f,{z) ^^z^^aM i ' 



(14) 



where gi is a holomorphic function near satifying 51 (0) — 1. The isometry 
induces on C the map ^ 1— > , which we also denote . 

Definition 3. Let n G (0, 1) U (1, 00) and Z e C. An end which has Weier- 
strass data given by ^ and a Bryant representation F given by where 
fi has been chosen such that 
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(see remark^, is called a canonical catenoidal end of growth 1 — /i, of as- 
ymptotic boundary oo and of axis {Z,oo), and the Weierstrass data given by 
0) and the Bryant representation F given by \14^ are called respectively its 
canonical Weierstrass representation and its canonical Bryant representation. 

We now explain this terminology by giving a geometric description of such 
an end. 

Proposition 1. Let fi E (0, 1) U (l,oo), Z E C and E be a canonical cate- 
noidal end of growth 1 — /i, of asymptotic boundary oo and of axis {Z,oo). 
Then there exists a parametrization {w,t) <—>■ {C{w,t),w) of E in the upper 
half-space model o/H^, and a parametrization {w,t) i— > (^(w,t),w) of a half- 
catenoid cousin of growth 1 — fi, of asymptotic boundary oo and of axis (0, oo), 
such that 

t:{w,T)=C{w,T)+Z + 0{l) 

when w tends to oo i/ /i < 1 and to if IJ- > 1 • 

Proof. We assume that the Weierstrass data of E are given by © and its 
Bryant representation F by H14() . with Z — ^4~"'" /i(0) (see remark ^J. 

Because of formulae Q and l(2Jl , in the upper half-space model the end E 
is given by 

/l/2+5lff2kP'' 



C{z) = {u + iv){z) 



w{z) 



l/2P + (^)2|<?2PkP'^' 



V + 1' 

From this we deduce that the asymptotic boundary of E is actually oo. 
Define 



4/iZ l + (H_l)2|^|2^ 

and 

^{z) = . 

l + (H^)2|z|2M 

and w are the coordinates of the catenoid cousin of growth 1 — /i and of 
axis of revolution (0, oo), such that the end at oo £ C corresponds to z = 0. 
w depends only on \z\. 

WehaveC(z) = C(z) + -Z + o(l) since Z = 4^/1(0), and w(z) = w(z)(l + 
0(z2)) since /^(0)=. 9^(0) = 0. 

Let (/O, r) denote the polar coordinates in {i.e. z = pe*"^). Since ^ 7^ 
for p sufficiently small, we can do the change of parameters {p, r) 1-^ (w, r). 
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Since /2(0) = 52(0) — 0; '^^ have the foUowing asymptotic development : 



w 



where p is the largest integer such that 2p/i < 2 and the aj are real constants 
which depend only on /i. 

Consequently, we have the following asymptotic development for the inverse 
function : 

/ P 

1 I r — ^ 2 

p — W 1 + 2, Pj ^ -\- 0{w ) 

V j=i 

when w tends to 00 if ^ < 1 and to if /i > 1, and where the (3j are real 
constants which depend only on /i. 
We also have 



Z + o(l) 



where q is the largest integer such that 2qfi ^ 1 and the are real constants 
which depend only on /i. 

Reporting the asymptotic development of w, we get 



Ciw,T) = ^ — -^w f-i I l + ^cJjW'^-'i +0(tx;^'-i) ) +2 + 0(1) 



— w 



l + ^(5ju;^ I +-2 + 0(1) 



where the Sj are real constants which depend only on /i. 

The same arguments hold for the canonical catcnoid of axis (0, 00) parame- 
trized by (Cjw)- Consequently we get 

C(w,t) = C(^«,t)+Z + o(1). 

□ 

This means that the end E is asymptotic, in the neighbourhood of cx) e C, 
to a half-catenoid cousin of growth 1 — /i and of axis of revolution {Z, 00), 
in a stronger sense than the sense defined in (SETOl) (in ^ SETOl, . two half- 
catenoid cousins whose asymptotic boundary is 00 and having the same growth 
are asymptotic to each other up to a Euclidean homothety, independently of 
their axes). The complex number Z is the only one with this property. 
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Definition 4. Let fi G (0, 1) U (1, oo) and A, B two distinct points in C. Let 
E be an embedded Bryant surface end of finite total curvature which is not 
part of a horosphere. We say that E is a catenoidal end of growth 1 — /i, of 
asymptotic boundary B and of axis {A, B) if there exists an isometry of H'^ 
(direct or not) which maps A to 0, B to oo and E to a canonical catenoidal 
end of growth 1 ^ fi, of aymptotic boundary oo and of axis (0, oo). 

A half-catenoid cousin of growth 1 — ^, of aymptotic boundary B and of 
axis of revolution {A, B) is of course a catenoidal end of growth 1 — of 
aymptotic boundary B and of axis {A, B) . 

A canonical catenoidal end of growth 1 — /x, of aymptotic boundary oo and 
of axis {Z, oo) is a catenoidal end of growth 1 — /i, of aymptotic boundary oo 
and of axis {Z, oo) : it suffices to consider the isometry {(, w) (C ~ -2, w). 

We can now prove the following theorem. 

Theorem 4. Let E be an embedded Bryant surface end of finite total curva- 
ture which is not part of a horosphere. Assume that its Weierstrass data are 
given by ^ with ^ + u = —1. Then there exist a unique real x o,nd a unique 
couple of distinct points (A, B) such that E is a catenoidal end of growth x, 
of asymptotic boundary B and of axis {A, B) . 

Moreover we have x—^ — fJ- and, if the Bryant representation of E is given 



we have A = c'(0)/a'(0) and B = c(0)/a(0). 

Proof. The existence has already been proved in section 14.1.11 and in the 
beginning of section 14.1.21 fchoosing /{(O) = 0, see remarkQ)). 

The uniqueness of B is clear, since the asymptotic boundary of E is the set 
of its accumulation points in C. 

Assume that there exist two points Ai and A2 and two numbers fii and fi2 
such that E is both a catenoidal end of growth 1 — /ii and of axis (^1, B) and 
a catenoidal end of growth 1 — 112 and of axis {A2 , B) . Then there exists an 
isometry 5'i of H"^ which maps ^1 to 0, S to 00 and £' to a canonical catenoidal 
end of growth 1 — /ii and of axis (0, 00), and there exists an isometry ^'2 of H'^ 
which maps A2 to 0, ;B to 00 and £^ to a canonical catenoidal end of growth 
1 — /Z2 and of axis (0, 00). 

Consequently there exists a parametrization {w,t) t-^ {(2{w,t),w) of the 
end ^'2(£') such that C2(w, r) = (f^^lwjv) + o{l) when w tends to 00 if /i2 < 1 
and to if /J,2 > 1, where C,^^ corresponds to the canonical catenoid of growth 
1 — /i2 and of axis (0, 00). 

The isometry vj/j^ o v]/^"^ fixes 00 and maps to Z = '^i{A2). Assume that 
this isometry is direct. Then it is the composition of a twist about (0, 00) and 



by 
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of the Euclidean translation by the vector Z. Consequently, the end 

has a parametrisation of the form {w,t) i—s- {X(^2{w/\X\,t) + Z,w) with A G C*. 

On the other hand, there exists a parametrization {w,t') {(^i(w,t'),w) 
of such that Ci(w, r') = {w, t') + o(l) when w tends to oo if /^i < 1 

and to if /ii > 1, where corresponds to the canonical catenoid of growth 
1 — /xi and of axis (0, oo). 

The numbers 1— /ii and 1 — ^2 must have the same sign, since w cannot tend 
to both oo and 0. And there exists r such that Z = c{w)C,^^ {w, r) with c{w) ^ 
and for each w there exists r'(w) such that (^i{w,t) = X(^2{w/\X\,t' (w)). 
We deduce that 

XC^,{w/\X\,t'{w)) +Z~ C^,{w, t) = 0(1). 

Using the expressions of i^^^ and C/ia; we obtain that = ^2, e*^"^ C™)-"^) _> ^ 
and hence |A| — 1. Writing A = e'^, we have 

and so 

(15) e^(e+-r'W) ^ _ ^ ^ o(C^,(u;,t)-1). 

Taking the imaginary part in (|15|l we get 

sin(0 + r-r'(u;)) =o(C;.i(w,t)-1), 

and consequently 

cos(0 + T- t'{w)) - 1 = o(C^, {w, r)-i). 
On the other hand, taking the real part in (|15|l we get 

cos(6i + r - t'(w)) + c(w) - 1 = o(C^, (w, t)"!), 

so 

c{w) o(C^i(w,t)"1), 

and finally 

Z = c{w)Cf,,{w,T) = 0(1). 

This means that Z — 0. We conclude that A2 = Ai- 

If the isometry o Vp"^ is indirect, then it is the composition of the sym- 
metry about the plane {ReC = 0} and of the two aforementioned isometries, 
so the same arguments hold, replacing by its conjugate. 

To complete the proof, it now suffices to compute the values of A and 
B. Using the notations of the beginning of section |4. 1 . 21 with /{(O) — (see 
remark 21), we have a ~ aifi + 02^/2 and c = ci/i + C2Z/2. Hence we get 
a(0) = ai, a'(0) — a2, c(0) — ci and c'(0) — C2- The expression of B follows 
from formulae (Q) and (0). And since 702 + Sc2 = 0, we have 5" (02/02) = 
(even if 02 = 0), so .A = 02/02 = c'(0)/a'(0). □ 
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Remark 5. The fact that |A| = 1 means that among all the half-catenoid 
cousins of growth 1 — fi, of asymptotic boundary B and of axis {A, B) there 
exists a unique one to which E is strongly asymptotic. 

The following fact is now clear. 

Proposition 2. Let E be a catenoidal end of growth 1 — fi, of asymptotic 
boundary B and of axis (A,B). Let ^ be an isometry ofM? (direct or not). 
Then "^{E) is a catenoidal end of growth I ~ fJ., of asymptotic boundary 5'(i3) 
and of axis 

Remark 6. In definition^we can require the isometry to be direct. 

Remark 7. The notion of canonical end has no geometrical meaning, but 
it will be more convenient to use this terminology to compute the flux (see 
section \5.1\l . Any catenoidal end of axis (Z,oo) is the image of a canonical 
one by a twist about {Z, oo). 

4.2. Horospherical ends. 

4.2.1. General representation. In this section, we assume that E is an end 
whose Weierstrass data are given by © with /j, + v ^ 0. Since we have 
a single-valued embedding, according to |SET01| we have i' ~ —2, fi £ N, 

h'{0) = 2/i(0)2 if ^ = 2, 
h'{0) ^0 if /i ^ 3. 

The Bryant representation of E is given by 

f.^. F=M B \ ^ f aiz-^fi+a2f2 bir + b2Z^^-^ g2 
^ ' \C D ) ^ C1Z-V1+C2/2 d^r + d2Z^^^-^g2 

where /i, /2, r and 52 are holomorphic functions near satifying /i(0) = 
/2(0) = r{{)) = 52(0) = 1, and where ai, 02, 61, 62, Ci, C2, di and ^2 are 
complex numbers satisfying aidi — feiCi — 0, aiC2 — a2Ci 7^ and bid2 — &2'ii 7^ 
0. 

The functions /i and /2 are such that {z 1-^ z ^ /2(^)) is a basis 

of the vector space of the solutions of the equation 

X" - ^f^X' - ^ikz^-^'X = 0. 
{z~'^h) 

The functions r and (72 are such that (z i— > r(z),z i— s- z'^^~^g2{z)) are a basis 
of the vector space of the solutions of the equation 

('^2M-2Ly 
X" " tV^^' " l^hz^-^X - 0. 

(z2m-2/j) 

Remark 8. T/ie function f2 is uniquely defined, and the function fi is uni- 
quely defined if we fix the value of its derivative at zero. 



(16) 
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(18) F{z) 



4.2.2. Canonical representation. As for catenoidal ends, Sa Earp and Toubia- 
na r |SET01p have shown that we can reduce ourselves to a more simple Bryant 
representation up to an isometry of . More precisely, we can choose com- 
plex numbers a, /?, 7 and 6 satisfying aS — = 1, aai + (3ci = abi + (3di = 

+ Sc2 — 0, and aa2 + /3c2 = 1. If we replace ^ ^ ^ ^ ^ ^ ^■^ 

^ ) C -D ) ' obtain an end which is the image of by a di- 
rect isometry 5* of H'^, which has the same Weierstrass data as E, and whose 
Bryant representation is given by 

A{z) B{z) \ / /2(z) 6z2M-ig2(^) 
C{z) D{z) J y cz-^h{z) g^{z) 

where gi is a holomorphic function near satifying 171(0) = 1, & G C* and 
c S C*. The isometry ^ induces on C the map Q ^ ff+J' which we also 
denote 5*. 

Definition 5. An end which has Weierstrass data given by and a Bryant 
representation F given by flf^) is called a canonical horospherical end of as- 
ymptotic boundary co, and the Weierstrass data given by ^ and the Bryant 
representation F given by \14^ are called respectively its canonical Weierstrass 
representation and its canonical Bryant representation. 

We now assume that the end E has Weierstrass data given by © and a 
Bryant representation F given by 118|l . 

Because of formulae Q and in the upper half-space model the end E 
is given by 



C(z) — {u + iv){z) 
w{z) 



cfih+jzz^^^^gm 

z|/2P-)-|5|2|z|2M|g2|2' 
1 



|/2|2-K|6|2|z|2M|g2|2- 

From the identity ui = AdC — CdA we obtain that 

c(-/l/2 + Zf[f2 - z/i/^) = h. 

Taking the order zero term, we get 

(19) c=-/i(0). 
Taking the order one term, we get 

(20) h'iO) = -2c/^(0). 

Taking the order one term in the identity AD — BC = 1, we get 

(21) /^(0)+5i(0) = 0. 
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Since the end has finite total curvature and is regular, we can write 

oc 

i=-2 



We compute that 

Hence we have 

and 
(22) 



(jdg = jj-z^" ^h{z)dz^. 
q-2 = 



g_i = 2h{0) if /i = 2, 
g_i = if ^ 3. 



4.3. Clcissification. Here we summarize the results we have obtained. 

Theorem 5. Let E he an embedded Bryant surface end of finite total curva- 
ture. Then we are in one of the following cases : 

• E is part of a horosphere, 

• E is not part of a horosphere and there exists a point B € C such that 
E is a horospherical end of asymptotic boundary B, 

• E is not part of a horosphere and there exist a real n e (0, 1) U (1, oo) 
and two distinct points A,B € C such that E is a catenoidal end of 
growth 1 — /x, of asymptotic boundary B, and of axis {A, B) . 

Proof It sufficies to show that we cannot be in two cases at the same time. 
This is a consequence of the fact that the Hopf differential is zero for horo- 
spheres, is non-zero and has a degree greater than or equal to —1 for horo- 
spherical ends, and has a degree equal to —2 for catenoidal ends. □ 



5. Flux for embedded ends of finite total curvature 
5.1. Flux for catenoidal ends. 

Lemma 11. Let /x € (0,1) U (1,00) and Z G C. Let E be a canonical 
catenoidal end of growth 1 — /x, of asymptotic boundary 00 and of axis (Z,oo). 
Let Co and (1 be two complex numbers, with (0 ^ 0. Then the flux polynomial 
of E is 

IIe{X) = 27r(M' - 1){X - Z), 

the fl.ux of the Killing field associated to the translation along the geodesic 
(Co + Ci) Ci) through E is 

(2Re(^)+l), 
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the flux of the Killing field associated to the rotation about the geodesic (Co + 
Ci,Ci) through E is 

V Co 

the flux of the Killing field associated to the translation along the geodesic 
(Ci,cxd) through E is 

and the flux of the Killing field associated to the rotation about the geodesic 
(Ci,cxd) through E is zero. 

Proof. Using the canonical Bryant representation (|14|l . we compute that the 
coefficients of the flux polynomial are 

ipQ = 47rRes(DdC - CdD) = 27r(l - ^?)Z, 
<y9i = 47rRes(CdB - DdA) = tt{^^ - 1), 
ip2 = 47rRes(BdA - AdB) = 0. 
Applying theorems ^ El and 13 we obtain the announced results. □ 

Theorem 6. Let /i G (0, 1) U (1, oo). Let A, B, C and T) be four points in C 
such that A B and C =/= V. Let E be a catenoidal end of growth 1 — /i, of 
asymptotic boundary B and of axis {A, B) . Then the flux of the Killing field 
associated to the translation along the geodesic (C, V) through E is 

7t{1- ^i'^){2Re{A,C,V,B) - 1), 

Then the flux of the Killing field associated to the rotation about the geodesic 
(C,2?) through E is 

^2n{l- n^)lm{A,C,V,B), 
and the flux polynomial of E is 



2JX~A)iX-B) 



IIe{X) = 27ril - ^ , ^ 

(In the case where ^ = oo (respectively B — oo), the above formula means 
IIe{X) ^ 27r(l - n^){X - B) (respectively UsiX) = -27r(l - ^i^)iX - A)).) 

Proof. We first compute the flux ip of the Killing field Y associated to the 
translation along the geodesic (C,2?). 

According to what has been done in section EITl the end E has Weierstrass 
data given by lO, a Bryant representation F given by (Q, and, given a com- 
plex number Z, there exists a direct isometry ^ of which maps i? to a 
canonical catenoidal end of growth 1 — of asymptotic boundary oo and of 
axis {Z, oo). 

Assume that neither C nor V is equal to B. Set Co — ^(C) — ^(P) and 
Ci = '^{V). Then Co and Ci are different from oo, and 5" maps ^ to Z, ;B to 
oo, C to Co + Ci and 2? to Ci- Hence the flux ip oi Y through E is equal to 
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the flux of the Killing field associated to the translation along the geodesic 
(Co + CiiCi) through '^{E). This flux has been calculated in lemma ITTl : we 
have 

^ = H^,'~1) (^2Re(^^l^)+l 
We compute that 

Ci-z 



(2,Co + Ci,oo,Ci) 



Co 

And since the map 5* conserves the cross-ratio, we have {Z, Co + Cii Ci) = 
iA,C,V,B). 

Assume that 2? = B. Set Ci = ^'(C). Then Ci ^ oo (since C ^ and * 
maps ^ to Z, ;B to cx), C to Ci and P to oo. Hence the flux (p oiY through E 
is equal to the flux of the Killing fleld associated to the translation along the 
geodesic (Ci,oo) through '^{E). This flux has been calculated in lemma ITTl : 
we have ip = tt{1 — fj?). And since {AjC,!), B) = 1 in this case, the result is 
still true. 

Assume that C = B. The flux with respect to the geodesic (C,2?) is the 
opposite of the flux with respect to {!),€). Hence we have (p = — 7r(l — /i^) 
according to what has just been done. Consequently, since {A, C, T>,B) = in 
this case, the result is still true. 

We proceed in the same way for the flux of Killing fields associated to 
rotations. Then the expression of the flux polynomial follows from theorem 

El □ 

5.2. Flux for horospherical ends. 

Lemma 12. Let E be a canonical horospherical end of asymptotic boundary 
oo. Let Co o-nd Ci be two complex numbers, with Co 7^ 0. Let q^i be the 
coefficient of the term of order —1 in the canonical Hopf differential of the 
end. Then the flux polynomial of E is 

IIe{X) = -2'Kq\, 

the flux of the Killing field associated to the translation along the geodesic 
(Co + Cii Ci) through E is 



-27rRe 



9^ 



Co 

the flux of the Killing field associated to the rotation about the geodesic (Co 
Ci , Ci ) through E is 



27rlm 



Co 

the flux of the Killing field associated to the translation along the geodesic 
(CijCxd) through E is zero, and the flux of the Killing field associated to the 
rotation about the geodesic (Ci,c») through E is zero. 
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Proof. Using the canonical Bryant representation l)18|l . we compute that the 
coefficients of the flux polynomial are 

ipQ = 47rRes(i:>dC - CdD) = -8T:cg[{0), 

(fii = 47rRes(CdB - DdA) = 0, 

(P2 = 47rRes(SdA - AdB) = 0. 

Using equations (|2()|l and (|21|l . we obtain that (po = — 47rft,'(0). Then we 
deduce from equations H16(l and (|22|l that ipo = —2'Kq^_^. Applying theorems 
nElandOl we obtain the announced results. □ 

Theorem 7. Let B ^ <C and E be a horospherical end of asymptotic boundary 
B. 

If B G C, then there exists a complex number k such that, for all couples 
(C,2?) of distinct points in C, the flux of the Killing field associated to the 
translation along the geodesic (C, V) through E is 

{C -B){V-B y 
C-V 



ip = — 27rRc K 



the flux of the Killing field associated to the rotation about the geodesic {0,7)) 
through E is 

{C-B){V-By 



LD — 27rlm K- 
^ \ C~V 

and the flux polynomial of E is 

IIe{X) = -2t:k{X - B)^. 

If B = oo, then there exists a complex number k such that, for all couples 
[C, T)) of distinct points in C, the flux of the Killing field Y associated to the 
translation along the geodesic (C, T>) through E is 

if = — 27rRe 



C-V 



the flux of the Killing field Y associated to the rotation about the geodesic 
{C,V) through E is 

/ K 

ip ~ 2tt Im 
and the flux polynomial of E is 



C-V 



nE{X) = -27rK. 

The number k is called the flux coefficient of E. We have k = (or, 
equivalently, IIe{X) = 0) if and only if the Hopf differential Lodg of the end 
E is holomorphic at zero, i.e. the degree /i of the secondary Gauss map g at 
zero is at least 3. 
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Proof. Wc first compute the flux ip of the Kilhng field Y associated to the 
translation along the geodesic (C,2?). 

According to what has been done in section IT!^ there exists a direct isom- 
etry 5* of H'^ which maps to a canonical horospherical end of asymptotic 
boundary oo. We use the notations of the beginning of section 14.2.21 with 
/{(O) = (see remark IHl). 

Assume that neither C nor V is equal to B. Set Co = ^(C) — ^'(P) and 
Ci — '5(2?). Then and Ci are different from oo, and '5 maps Z5 to oo, C to 
Co + Ci and 2? to Ci . Hence the flux (p oi Y through E is equal to the flux of 
the Killing field associated to the translation about the geodesic (Co + Ci i Ci ) 
through '5(2?). This flux has been calculated in lemma IT^ : we have 



(p = — 27rRe 



Co 



We have a = ai/i + a2zf2 and c — cifi + C2zf2- Hence we get a(0) = oi, 
a'(0) = a2, c(0) = ci and c'(0) = C2. 

Using what has been done in the beginning of section [4.2.21 we compute 
that, if e G C, then 

^° {C-B){V-B) 

and if = oo, then 

Co = a'(0)2(C-D). 

We deal with the cases where C or I? is equal to B as for theorem |H1 using 
lemma [T^ 

We proceed in the same way for the flux of Killing fields associated to 
rotations. Then the expression of the flux polynomial follows from theorem 

El 

Moreover, the nullity of k is equivalent to the nullity of □ 
5.3. Flux for horospheres. 

Theorem 8. Let E be an end which is part of a horosphere. Then the flux 
of the Killing field associated to the translation along any geodesic or to the 
rotation about any geodesic is zero, and the flux polynomial of E is zero. 

Proof. Let F be a generator of tti{E). Since a horosphere is simply connected, 
r is homotopic to zero in the horosphere. Consequently, the fluxes are zero. 
Thus the flux polynomial is also zero. □ 

6. Geometric applications 

Definition 6. Let n be a positive integer. Let Y. be a complete immersed 
Bryant surface. We say that T, is a n-catenoidal surface if E has exactly n 
ends and each end is an embedded end of finite total curvature. 
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Proposition 3. Let S &e a n-catenoidal surface. Then the sum of the fluxes 
of any Killing field through its ends is zero. 

Proof. Let be a compact set in H'^ such that E \ is the disjoint union of 
the ends Ej of S and such that dW is a regular surface. Let Uj be the part 
of dW that is in the interior of Ej. Let S' be the union of T, nW and the 
Uj. We can calculate the flux of Ej using the curve dUj and the surface Uj. 
Since E' is homologous to 0, the result follows from |KKMS92] . □ 

Corollary 1. Let be a n-catenoidal surface. Then the sum of the flux 
polynomials of its ends is zero. 

Proposition 4. Let Y, he a 2-catenoidal surface. Assume that its ends Ei and 
E2 are catenoidal ends of growths 1 — /ii and 1 — ^2, of asymptotic boundaries 
Bi and B2, and of axes {Ai,Bi) and {A2,B2). Assume that Bi ^ B2. Then 
we have ^1 = ^2; Ai = B2 and A2 = Bi (that is to say, the two ends have 
the same growth, the same axis, but two different asymptotic boundaries). 

Proof. Without loss of generality, we can assume that Ai, A2, Bi and B2 are 
different from 00. 

The sum of the flux polynomials of the two ends is zero. In particular, these 
polynomials have the same roots. And since Bi ^ B2 we have (^A\,B\) = 
{B2, A2). Finally we obtain 1 — /i^ = 1 — = 0, i.e /ii = //2- O 

Remark 9. Levitt and Rosenberg / |Lf?,85j ) have shown that if moreover E is 
properly embedded, then T, is a surface of revolution, hence a catenoid cousin. 
Lt is essential that the end should be properly embedded : indeed Rossman 
and Sato / |RS98j ) have constructed a one-parameter family of genus one 2- 
catenoidal surfaces. 

Remark 10. The flux polynomial does not allow us to eliminate the case of 
a 2-catenoidal surface with two catenoidal ends having the same asymptotic 
boundary. We do not know if such a surface exists. If it exists, its ends have 
the same axis. 

Proposition 5. Let H be a 3-catenoidal surface. Assume that its three ends 
are catenoidal and that their asymptotic boundaries are distinct. Then, given 
the growths, the axes of the three ends are uniquely determined, they lie in the 
same plane and they are concurrent (possibly in the asymptotic boundary of 

Proof. We use obvious notations. Up to an isometry of H"^, we can assume 
that Bi — —I, B2 — and B3 = 1. We set crj — 1 — fij. Considering the 
coefRcients of the sum of the flux polynomials of the ends, we get 

0-2 (T3 
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^1-1 As + 1 

Ai As 
-CTi-j — r-r + c^a 



A computation gives 



Ai + 1 A3-I 

ci - 0-2 + CTS 



^3 = 



3tTl + (72 — 1J3 ' 

0-3 - CTi 
Cl - cr2 + 0-3 



O"! - 0-2 - 3(73 

Consequently the points Aj are uniquely determined. Moreover, all the Aj 
and Bj are real. This means they lie in the same plane. 

All the geodesies {Aj,Bj) he in the plane {v = Iin( = 0}. Assume that 
Ai, A2 and A3 are all different from 00. Then the equations of the geodesies 
{Ai,~l), (^2,0) and (^3,1) are respectively 

-u^ - u{Ai - 1) + - y^i = 0, 

- UA2 + u;^ 0, 
- u{A3 + 1) + + A3 = 0. 
Thus the abscissa of the intersection point of the first and the second axes is 

Ai 

u = : , 

1-Ai+A2 

and the abscissa of the intersection point of the second and the third axes is 

A3 

u = : — . 

1 - A2 + A3 

Hence the three axes are concurrent if and only if these two numbers are equal. 
The expressions of the Aj computed above show that this is the case. 

We proceed in the same manner if exactly one of the Aj is equal to cxd. If 
two of the Aj are equal to 00, then we deduce from the expressions of the Aj 
that the third one is also equal to 00 ; in this case the axes are concurrent at 
00. □ 

Remark 11. Levitt and Rosenberg / |LR,85j ) have shown that if moreover S 
is properly embedded, then the plane (61,62,^3) is a plane of symmetry of Ti 
; we can deduce from this that the axes lie in this plane. 

There is an analogue of proposition |5l for minimal surfaces in Euclidean 
space M?. 

Proposition 6. Let be a minimal surface in M? . Assume that E has finite 
total curvature, three ends and that all the ends are asymptotic to catenoids. 
Then the axes of the ends lie in the same plane and they are either parallel 
or concurrent. 
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Proof. Let El, E2, E3 be the ends of S, Fj the flux of Ej and Tj{P) its torque 
at the point P. We recafl that the axis of Ej is the set of the points where Tj 
is zero, and that we have the formula Tj{Q) = Tj{P) + PQ x Fj. Moreover, 
the two following "balancing formulae" hold : 

Fi+F2 + F3^ 0, 

VP G E^ Ti (P) + T2 (P) + (P) = 0. 

We can assume that the three axes are not all identical (otherwise the result 
is clear). For each j e 1,2,3, let Pj be a point of the axis of Ej. Then the 
three axes are the straight lines Pj + M.Fj . We can assume that Pi , P2 and 
P3 do not lie on the same straight line, since the axes are distinct. 

We have = ri(Pi) = -P2(Pi) - r3(Pi) = P1P2 x P2 + P1P3 x P3. Hence 
we get 

ri(Pi), >=< pIK X P2, pIH >= cict(p^, P2, pTpJ). 

This means that the axis of E2 lies in the plane containing Pi, P2 and P3. 
We obtain the same result for Ei and E^. Hence the three axes are coplanar. 

If the axes of Ei and E2 are parallel, then the axis of E^ is also parallel to 
them since P3 = — Pi — Pj- 

If the axes of Ei and E2 are not parallel, then they meet at a point Pq. 
Then we get r3(Po) = — Pi(Po) — P2(Po) — 0. So the three axes are concurrent 
at Pq. □ 

Proposition 7. There is no 2-catenoidal surface with one catenoidal end and 
one horospherical end. 

Proof. Assume that such a surface exists. Without loss of generality, we 
can assume that 00 is not in the asymptotic boundary of the surface and 
that 00 is not an extremity of the axis of the catenoidal end. Then the flux 
polynomials of its ends have the same roots. This is impossible since the flux 
polynomial of a catenoidal end has two simple roots and the flux polynomial 
of a horospherical is either zero or has a double root. □ 

Remark 12. According to C HROl) (theorem 12), if a catenoidal surface is 
properly embedded, then either it is a horosphere or all its ends are catenoidal. 

Example 1. In |dSN99j . de Sousa Neto has constructed Costa-type Bryant 
surfaces. Let S be such a surface. It is a 3-catenoidal surface of positive 
genus. It has two catenoidal ends E\ and E2, which have the same asymptotic 
boundary B, and one horospherical end E3, whose asymptotic boundary S3 is 
different from B . Let(Ai,B) and(A2,B) be the axes of Ei andE2, andl — fii 
and 1 — /i2 their respective growths. Since the sum of the flux polynomial of 
the ends is zero, and since B ^ B3, we obtain that the flux coefficient of E3 
is zero, and then that Ai — A2 and IJ-1+H2 = 2. 
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